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Abstract. Letn — 2 < 1 < n, f be a function in Morrey spaces L'*(), and the equation

Lu=f,
u € Wy (Q),

be a Dirichlet problem, where Q is a bounded open subset of R™, n > 3, and L is a divergent elliptic operator. In this
paper, we prove the existence and uniqueness of this Dirichlet problem by directly using the Lax-Milgram Lemma
and the weighted estimation in Morrey spaces.
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1. INTRODUCTION

Let © be a bounded and open subset of R™, where n > 3, and I be the diameter of Q. For every a € Q
and r > 0, we define
B(a,r) ={y e R™ |y —a| <71},
and
Qla,r)=QNnB(a,r)={yeQ:|y—al <r}.

The Morrey spaces LPA(Q) is defined to be the set of all functions f € LP () which satisfy
1

1 p
If Nl pa = _Sup <7f If(y)l”dy> < oo,
r Q(a,r)

Qr>0
forl1<p<owand0<A<n. This Morrey spaces were introduced by C. B. Morrey [1] and still attracted
the attention of many researcher to investigate its inclusion properties or application in partial differential
equation [2, 3, 4,5, 6, 7, 8].

Let W12(Q) be the Sobolev space equipped by the norm

1 1

_ ‘L 2 f ou 2>2

lullyrzq) <||u|| 2@ T zl . axl LZ(Q)> (jﬂ lul® + . lax,

for every u € W12(Q). The closure of C5°(Q) under the Sobolev norm is denoted by WOLZ(Q). It is well

known that Wol'2 (Q) is a Hilbert space, that is, the Sobolev norm is generated by an inner or scalar product
on W;"*(Q).

We consider the following second order divergent elliptic operator

N 0 ou
lu=- Z axj< Lj E)' @
i,j=1
where u € W,"*(Q),
ai,j € LOO(Q), l,] = 1, Wy, n, (2)
and there exists v > 0 such that
n
v[¢]* < Z a; ()€}, (3)
i,j=1

for every & = (&4, ..., &,) € R™ and for almost every x € Q.
Let f € LY*(Q). In this paper, we will investigate the existence and uniqueness of the weak solution
to the equation
Lu=f, y
= VVOLZ(Q), ( )
where L is defined by (1) and the A satisfies a certain condition. The Eq. (4) is called the Dirichlet problem.
The function u € W1 2(Q) is called the weak solution of the Dirichlet problem (4) if
au(x) aqb(%)
| S a = [ reeeax ©

i,j=1

for every ¢ € W,"*(Q).

Recently, Tumalun and Tuerah [9], continue the work of Di Fazio [10, 11], proved that the weak
solution of gradient of (4) belongs to some weak Morrey spaces by assuming f € LY*(Q) for0 < 2 <n — 2.
Notice that, the result in [9], generalized by themselves in [12]. In [9, 10, 11], the authors used a representation
of the weak solution, which involves the Green function [13], and proved that this representation satisfies (5)
to show the existence of the weak solution of (4). Cirmi et. al [14] proved that the weak solution of (4) exists
and unique, and its gradient belongs to some Morrey spaces, where they assumed f € LY4(Q) forn — 2 <
A < n. The proof of the existence and unigueness of the weak solution, which is done by Cirmi et. al, used
an approximation method.
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By assuming f € LY(Q), forn — 2 < A < n, in this paper we will give a direct proof of the existence
and uniqueness of the weak solution of the Dirichlet problem (4). Our method uses a functional analysis tool,
i.e. the Lax-Millgram lemma, combining with a weighted embeddings in Morrey and Sobolev spaces.

2. RESEARCH METHODS

The constant € = C(a, B, ..., ¥), which appears throughout this paper, denotes that it is dependent on
a, B, ..., and y. The value of this constant may vary from line to line whenever it appears in the theorems or
proofs.

Our method relies on functional analysis tools, that is Lax-Milgram lemma, that we will state in this
section. We start by write down some properties related to Lax-Milgram lemma.

Let H be a Hilbert space with norm ||-|| and B: H X H — R be a bilinear mapping. The map B is called
continuous if there exists a constant C; > 0 such that
|B(u,w)| < Cyllullllwl,
for all u,w € H, and called coercive if there exists a constant C, > 0 such that

B(u,u) = G,|lull?,
forallu e H.

The following lemma is known as Lax-Milgram lemma and H is the Hilbert space with norm ||-||. We
refer to [15] for its proof.

Lemma 1 (Lax-Milgram). Let B: H x H — R be a continuous and coercive bilinear mapping. Then, for every
bounded linear functional F: H — R, there exists a unique element u € H such that

F(w) = B(u,w),
foreveryw € H.

We associate the operator L with the mapping B: W,"*(Q) x W,"*(Q) — R defined by the formula

[N du(x) 9p(x)
B(u, ) —fn iJZ; ai,j(x)W o) dx. (6)
Forn—2<A<mnand f € L"*(Q), we define Fs: W,"*(Q) - R by the formula
F@) = | e, ™
Q

By the linearity of the weak derivative and integration, it is easy to show that B, defined by (6), is a bilinear
mapping. Notice that, according to (5), (6), and (7), u € Wol’2 (Q) is a weak solution of (4) if

B(u, ¢) = Fr(¢), (8)
for every ¢ € W;"*(Q).

Now we state the following two theorems regarding to the estimation for any functions in Wol'2 (Q),
that we will need later. The first theorems called Poincaré’s inequality (see [15] for its proof) and the second
theorem called sub representation formula (see [16] for its proof).

Theorem 1 (Poincaré’s Inequality). If u € Woi'2 (12), then there exists a positive constant C = C (1) such that

f lul? < Cf |Vul?.
0 )

Theorem 2 (Sub Representation Formula). If u € Wol'2 (1), then there exists a positive constant C = C(n)
such that

weors e[ 1O,

1) |x_y|n—1 '

fora.e. x € Q.
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We close this section by state the following Theorem which slightly modified from [17].
Theorem 3. Letn — 2 < A < n. If f € LYA(2), then there exists a positive constant C = C(n, A, 1) such that

|lf ()
-[Q mdx < Cllf”Ll,)u

for every z € 0.

3. RESULTS AND DISCUSSION

To start our discussion, we prove that the bilinear mapping B defined by (6) is continuous and coercive.

Lemma 2. The mapping B defined by (6) is continuous and coercive.
Proof. Letu € Wol'2 (©2). We first prove the coercivity property. By using (3) and then Poincaré’s inequality,

we have
B(u,u) —f Z a;;(x )agix) 6u(x) vaﬂ |Vu|?

6x]

v 2
> EJ |Vul|? + Cj lul? = C(llullyrze))
Q Q
where C = C(v, 1) is a positive constant.
Now, we prove the continuity property. Let u, ¢ € W,"*(Q). Note that,

n
A= [lail o,

ij=1
according to (2). By using Hélder’s inequality, we have

0 = [ ol 5] 5]

ox;

_AfIW&NWMﬂMx
Q

1 1

<A <f [Vu(x)|? dx)2 (f [Vu(x)|? dx)2
Q Q

< Allullyrzyllllwrzqy-
This completes the proof. O

We need the theorem below to prove that the function Fy defined by (7) is a bounded linear functional.
This theorem states about a weighted estimation in Morrey spaces where the weight in Sobolev spaces. The
proof of this theorem was given in [11]. However, the given proof did not complete. Here we give the
complete proof.

Theorem 4. Letn — 2 < A < n. If f € LY*(2), then there exists a positive constant C = C(n, 4, 1) such that,

[ 11 = sy lhysoca

for every u € W,"* ().

Proof. Letu € Wol'2 (Q2). According to the sub representation formula of u and Hélder’s inequality, we have



BAREKENG: J. Math. & App., vol. 16(3), pp. 829 - 834, September, 2022. 833

flf(X)u(x)ldeC(n)f If(x)|<f Md}’>dx
Q Q Q

lx — y|*=*

=c [ v ( . %m) dy

2 2
< CIVull 2 q) (fn (L %da dy)' X

Notice that

fg F@dz < € A, DIl 11 (10)

2
@ ) @l e
f“ <f9 de> dy_fn (fn IZ—yI"‘le> (fg Ix—yI"‘ldx>dy
1
-[f If(Z)IIf(x)I< | s dy)dxdz

< c) fﬂ fﬂ DI )| ——— dxdz

|z — x|"2
) e
= C(Tl)fn |f(Z)| <fﬂ md?() dz
< C 2, DIfllagey | 1F@dz
Q

< e D(Iflagey) (11)

by virtue of Theorem 3 and (10). Combining (9) and (11), we obtain

Hence

1

2 2
lf (0l
[ 1reucotds = covlivulz ( [ < [ de> dy)

< C(n A DIIVull 2l fll 12 q)
<C(n 4, l)”u”Wl'Z(Q)”f”Llr/l(Q)'

The theorem is proved. [
From Theorem 4, we obtain the following corollary.

Corollary 1. Let n—2 < A <n. The mapping Fy: W,"*(Q) - R defined by (7) is a bounded linear
functional.

Proof. According to the linearity of integration, F; is a linear functional on W,"* (). For every u € W,"*(Q),
Theorem 4 gives us

IF, ()| < f ful < Cllulhyseca,
Q

where the positive constant C = C(n, Al ”f”LM(n))- This means F; is also bounded and the proof is
complete. [
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Combining Lemma 2, Corollary 1, and Lax-Milgram lemma, we now state the following existence and
uniqueness of the weak solution of the Dirichlet problem (4).

Theorem 5. Letn — 2 < A < nand f € L*(Q) in Dirichlet problem (4). Then there exists a unique element
u € W,"*(#2) which is the weak solution of the Dirichlet problem (4).

4. CONCLUSIONS

The Dirichlet problem (4) has a unique weak solution by assuming the data belongs some Morrey
spaces. This fact can be proved by using functional analysis tool, i.e. the Lax-Milgram lemma, combining
with the weighted embedding in Morrey spaces where the weight in Soblev spaces.
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